Introduction
The Hermitian inner product of vectors A = (A(x)) 0≤x<d and B = (B(x)) 0≤x<d in C d is A, B = Schwinger [Sch60] introduced MUBs in 1960, noting that when a quantum system is prepared in a state belonging to one basis, all outcomes of measurement with respect to any other basis are equally probable and therefore convey no information about the system. The term "mutually unbiased bases" was introduced by Wootters and Fields in 1989 [WF89] . The MUB property can be exploited in secure quantum key exchange [BB14] , quantum state determination [Iva81] , quantum state reconstruction [WF89] , and detection of quantum entanglement [SHB + 12]; see [DEBZ10] for a comprehensive survey of research on MUBs up to 2010. There are intriguing connections between MUBs and various combinatorial structures, including finite projective planes [SPR04] , mutually orthogonal Latin squares [WB05] , relative difference sets [GR09] , complex Hadamard matrices [Szö11] , and complex equiangular lines [JW] .
The central problem is to determine the largest number µ(d) of MUBs that can exist in C d . Following Grassl [Gra09] , we call a set of b MUBs in C d that cannot be enlarged to a set of size b + 1 MUBs C-unextendible, and a set that cannot be enlarged by even one vector of a potential (b + 1)-th MUB strongly C-unextendible; in the latter case, we say there is no vector in C that is unbiased with respect to each vector of the MUBs. Corresponding definitions apply for MUBs in R d and for (strongly) R-unextendible sets.
More than forty years ago, Delsarte, Goethals, and Seidel [DGS75] used Jacobi polynomials to establish an upper bound on µ(d) and on the corresponding quantity for MUBs in R d . (ii) The number of MUBs that can exist in R d is at most d/2 + 1. Every set of d/2 + 1 MUBs in R d is strongly R-unextendible.
The following lower bound on µ(d), arising from a product construction, is due to Klappenecker and Rötteler [KR04] . i ; a stronger lower bound can be obtained for infinitely many dimensions using sets of mutually orthogonal Latin squares [WB05] . However, it is not known whether the upper bound on µ(d) in Theorem 1 (i) is attained for even a single value of d > 1 that is not a prime power. Indeed, the determination of µ(d) for non-prime-powers d was proposed in 2006 as one of The ten most annoying questions in quantum computing (by virtue of having "caused all would-be climbers to fall flat on their asses"!) [Aar06] ; in 2014, only this question and two others from the original list remained unanswered [Aar14] . It is therefore interesting to pose the question: When and how can a set of MUBs be extended and, if it cannot, then when and why is it strongly unextendible? We now summarise the few known general results addressing this question.
In view of Theorems 1, 2, 3, the current state of knowledge for the smallest non-prime-power dimension 6 is that µ(6) ∈ {3, 4, 5, 7}. Several constructions of infinite families of sets of 3 MUBs in C 6 are known [Zau99, p. 57], [JMM + 09, Appendix B], [Szö10] , but no set of 4 MUBs in C 6 has been found. Indeed, Zauner [Zau99, p. 57] conjectured in 1999 that no such set exists. In 2007, Bengtsson [Ben07] reported "a growing consensus" in favour of this conjecture, yet concluded that "We have almost no evidence either way". Three years later, Durt et al. [DEBZ10] considered that "the evidence for [Zauner's] conjecture is overwhelming, but not quite conclusive". Two pieces of supporting evidence for the conjecture are: a computational proof that if at least one of a set of 3 MUBs in C 6 is constrained to belong to the "Fourier family F (a, b)" (a generalization of the Fourier matrix of order 6) then the set is C-unextendible [JMM + 09]; and a proof that every set of 3 MUBs in C 6 arising from the product construction leading to Theorem 2 is strongly C-unextendible [MW12] .
Until now, only one infinite family of dimensions
For each prime p congruent to 3 modulo 4, there exists a set of p 2 − p + 2 strongly C-unextendible MUBs in C p 2 . For p = 2, 3, 5, 7, 11 there also exists a set of p 2 − 1 strongly C-unextendible MUBs in C p 2 .
The motivation for this paper is provided by two sets of strongly C-unextendible MUBs and an accompanying conjecture recently presented by Mandayam et al. [MBGW14] . Strong C-unextendibility in Theorem 5 was verified computationally in [MBGW14] , using Gröbner basis techniques. The sets of MUBs in Theorem 5 were constructed from maximal commuting classes of Pauli operators, and Conjecture 6 was stated in [MBGW14] as holding specifically for such sets. K. Thas [Tha] subsequently showed that Conjecture 6 is false for all m > 3 when this restriction is applied, but proposed that the conjecture holds for all m > 1 using MUBs constructed from complete partial spreads [Tha, Conjecture 8.6 ].
The main result of ths paper is Theorem 7, which establishes Conjecture 6 (without reference to complete partial spreads) for all even m.
Theorem 7. For each integer h ≥ 1, there exists a set of 2 2h−1 + 1 strongly C-unextendible MUBs in C 2 2h .
Our proof of Theorem 7 uses only elementary linear algebra, and does not rely at all on computation. We specify the sets of MUBs described in Theorem 7 explicitly; in fact, they are MUBs in {1, −1} 2 2h that have long been known to attain the upper bound of Theorem 1 (ii) when d is a power of 4 (see Proposition 8 and Theorem 9). The new and surprising result is that these MUBs, which are strongly R-unextendible by Theorem 1 (ii), are also strongly C-unextendible. Theorem 7 gives the first known infinite family of b(d) strongly C-unextendible MUBs in C d for which lim d→∞ b(d)/µ(d) < 1. The existence of this family suggests that caution is warranted, for example, in interpreting the existence of sets of 3 C-unextendible MUBs in C 6 [JMM + 09], [MW12] as evidence that µ(6) < 7, especially when the sets are constrained to satisfy some structural condition; indeed, we see that for d = 2 2h there exist sets of d/2 + 1 strongly C-unextendible MUBs in
In Section 2, we shall provide required background on Boolean functions and bent functions, including short proofs of some known results with the intention of making the paper more accessible. In Section 3, we shall prove Theorem 7.
Boolean functions and bent functions
is the evaluation of g(x) at the 2 m points of Z m 2 taken in lexicographic order. For example, the vector corresponding to the Boolean function g(x 1 , x 2 , x 3 , x 4 ) = x 1 x 2 + x 1 x 3 + x 2 x 4 on Z 4 2 is (0000010100111001), whose initial element is g(0, 0, 0, 0) and whose final element is g(1, 1, 1, 1). See [Car10] and [CM16] , for example, for detailed background on Boolean functions.
The Walsh-Hadamard transform of a Boolean function g on Z m 2 is the function g :
where · is the usual inner product in Z m 2 . A Boolean function g on Z m 2 is bent if g(u) ∈ {2 m/2 , −2 m/2 } for all u ∈ Z m 2 . Bent functions exist for all positive even integers m.
A bent set on Z 2h 2 is a finite set of Boolean functions on Z 2h 2 for which the sum of any two distinct functions in the set is bent. We may assume (by adding one function to all the others) that one element of the set is the zero function, and then all the other elements are themselves bent. For example, a bent set of size 8 on Z 4 2 is given by the Boolean functions 0, x 1 x 2 + x 3 x 4 , x 1 x 2 + x 1 x 3 + x 1 x 4 + x 2 x 3 , x 1 x 2 + x 1 x 3 + x 2 x 4 , x 1 x 2 + x 1 x 4 + x 2 x 3 + x 2 x 4 , x 1 x 3 + x 1 x 4 + x 2 x 4 + x 3 x 4 , x 1 x 3 + x 2 x 3 + x 2 x 4 + x 3 x 4 , x 1 x 4 + x 2 x 3 + x 3 x 4 .
A bent set on Z 2h 2 can be used to construct a set of real MUBs in {1, −1} 2 2h , as we now describe. 
The vectors from distinct bases B j and B k are mutually unbiased, because for u, v ∈ Z 2h 2 we have (−1)
which has magnitude √ 2 2h because g j + g k is a bent function on Z 2h 2 for distinct j, k.
The following existence result for bent sets is due to Kerdock [Ker72] . Application of Proposition 8 to the bent set of Theorem 9 produces a set of 2 2h−1 + 1 MUBS in {1, −1} 2 2h , which attains the upper bound in Theorem 1 (ii) for the number of MUBs in
We require two further auxiliary results. Write (Z m 2 ) * for Z m 2 \ {0}.
is a bent function on Z 2h 2 , and let a ∈ (Z 2h 2 ) * . Then
Proof. Since g(x) is bent, we have
u·b by setting y = x + b. Multiply the first and last expressions by (−1) u·a and sum over u ∈ Z 2h 2 to give 2
The result follows by applying (1) to the sum over u on both sides. 
Proof of Theorem 7
Proof of Theorem 7. From Theorem 9, there exists a bent set {g 1 , g 2 , . . . , g 2 2h−1 } on Z 2h 2 and we may assume g 1 = 0. From Proposition 8, this bent set gives a set of 2 2h−1 + 1 MUBs in {1, −1} 2 2h , comprising 2 h times the standard basis together with the 2 2h−1 bases (−1) g j (x)+u·x x∈Z 2h 2 : u ∈ Z 2h 2 for 1 ≤ j ≤ 2 2h−1 . We shall show that these MUBs are strongly C-unextendible. Suppose, for a contradiction, that the vector A(x) x∈Z 2h 2 ∈ C 2 2h is unbiased with respect to each vector of these MUBs. By reference to 2 h times the standard basis, each A(x) has magnitude 1. By reference to the other 2 2h−1 bases, for 1 ≤ j ≤ 2 2h−1 and u ∈ Z 2h 2 we have
and squaring yields
The terms of this sum for which x = y contribute x∈Z 2h 2 |A(x)| 2 = x∈Z 2h 2 1 = 2 2h , and therefore
Order the elements of Z 2h 2 lexicographically, writing x < y to mean that x precedes y in this ordering. Define which is a homogeneous linear system of 2 2h−1 · 2 2h = 2 4h−1 equations in the 2 2h 2 = 2 2h−1 (2 2h − 1) real variables (a x,y ) x<y . We can represent this system in the form M a = 0 where M = (m j,u,x,y ) is the 2 4h−1 × 2 2h−1 (2 2h − 1) real matrix whose rows are indexed by (j, u) and whose columns are indexed by (x, y) with x < y, and a = (a x,y ) x<y is a vector of 2 2h−1 (2 2h − 1) real entries.
Partition the columns of M into 2 2h − 1 submatrices M ℓ of size 2 4h−1 × 2 2h−1 , where M ℓ is given by M ℓ = (m j,u,x,ℓ+x ) = (−1)
for ℓ ∈ (Z 2h 2 ) * . The rows of M ℓ are indexed by (j, u), and the columns are indexed by (x, ℓ + x) for the 2 2h−1 values of x ∈ Z 2h 2 satisfying x < ℓ + x. We claim that rank(M ℓ ) = 2 2h−1 for each ℓ ∈ (Z 2h 2 ) * . It then follows that rank(M ) = 2 2h−1 (2 2h − 1), so M has full rank. The homogeneous linear system M a = 0 therefore has only the trivial solution a x,y = 0 for all x < y.
Writing A(x) = e iθ(x) (using that each A(x) has magnitude 1), this implies by the definition of a x,y that cos(θ(x) − θ(y)) = 0 for all x < y. This is possible only if the vector (A(x)) contains at most 2 entries, which contradicts that the vector (A(x)) contains 2 2h ≥ 4 entries.
To prove the claim we note that, for ℓ ∈ (Z 2h 2 ) * , the 2 2h−1 rows of M ℓ given by by Proposition 10, because g j + g k is bent and ℓ ∈ (Z 2h 2 ) * .
